ENUMERATIVE MEANING OF MIRROR MAPS 
FOR TORIC CALABI-YAU MANIFOLDS 
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Abstract. We prove Conjecture 1.1 in [2] for toric Calabi-Yau manifolds of 
the form Ky where y is a toric Fano manifold. In particular, we show that 
the coefficients of the Taylor series expansions of the inverse mirror map for 
Ky can be expressed in terms of disk open Gromov-Wittcn invariants defined 
by Fukaya-Oh-Ohta-Ono (7). 
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1. Introduction 

Let X be an n-dimensional toric Calabi-Yau manifold, i.e. a smooth toric va- 
riety with trivial canonical line bundle Kx — Ox- Such a manifold is necessar- 
ily noncompact. Let N = Z". Then X = is constructed from a fan E in 
Nr = N ®z IK = K". Let Wo, 1^1, . . . , Um-i G iV be the primitive generators of 
the 1-dimensional cones of E. Without loss of generality, we assume that, for 
i = 0, 1, . . . , m — 1, 

Vi = {Wi, 1) 

for some Wi G Z"~^ and wq = 0. 

The Picard number of X is equal to I := m — n. Let 71, . . . , 7; be an integral 
basis of H2 {X, Z) = Z' . Each 7^ corresponds to a primitive relation 

m — 1 
1=0 
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where Q°- :— {Qq,Qi, ■ ■ ■ ,Qm-i) ^ We equip X with a toric symplectic 

structure uj and regard {X, lj) as a Kahler manifold. 

An important class of examples of toric Calabi-Yau manifolds is given by the 
total space of the canonical line bundle Ky over a toric Fano manifold Y . 

In [2], we study the local mirror symmetry for X from the SYZ viewpoint. We 
start with a special Lagrangian torus fibration on X and construct the mirror of 
X using T-duality and wall-crossing. We show that the mirror is given by the 
following noncompact Calabi-Yau manifold (see [21 Theorem 4.37]): 

m — 1 

(1.1) X = {{u,v, z) G X (C^)"-i : ™ = ^ (1 + 5,{q))e^^z'"'}, 

i=Q 

where 

aeHf{X,I.)\{0} 

is a generating function of disk open Gromov-Witten invariants. Here, denotes 
the monomial z"^ ... z^'"^ if w = {w^ , . . . , w"~^) G Z"^-^, (z = 0, . . . , m — 1) 
are numbers defining the moment polytope for {X,uj), H2^{X,'E) is the cone of 
effective classes, denotes exp(— uj) and can be expressed in terms of the Kahler 
parameters Qa — exp(— uj), /3i £ t^2{X, L) are classes of the basic disks bounded 
by a Lagrangian torus fiber L, and the coefhcients np.j^a — np.^a{X, L) are 1- 
pointed genus open Gromov-Witten invariants defined by Fukaya-Oh-Ohta-Ono 
[7]. More details are recalled in Section [2] 

Notice that the instanton-corrected mirror family (jl.ip is entirely written in 
terms of symplectic data of X. Another striking feature of our construction is that 
(|l.ip is inherently written in canonical flat coordinates (cf. [2j Section 5]). To 
be more precise, let y = {yi, . . . ,yi) be local coordinates (near a large complex 
structure limit) on the complex moduli space A4c{X) of the mirror Calabi-Yau 
manifold X and denote by Xy the complex manifold parameterized by y. The map 

ij:Mc{X) ^ Mk{X), 
y={yi,...,yi) ^ ij{y) ^ {qi{y), . . . ,qi{y)), 
defined by periods 

qjy) = exp J Cly^ , 

where Fi, . . . , F/ is an integral basis of Hn{X, Z) and fly is a holomorphic volume 
form on Xy, gives a local isomorphism from A4c{X) to the (complexified) Kahler 
moduli space Mk{X) of X. This map is called the mirror map and it provides 
canonical flat coordinates on J\4c{X). 

Based on our mirror construction, we define another map 

(b:MKiX) ^ MciX), 
q= {qi,...,qi) (j>(q) ^ (yi{q), . . . ,yi{q)), 

by 

m—1 

ya{q) = qa llil + S.M)'^^, a=l,...,l. 
i=0 

The following conjecture was formulated in [5] (see [U Conjectures 1.1 and 5.1]): 
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Conjecture 1.1. The map (p is the inverse of the mirror map ip. In other words, 
there exists an integral basis Fi, . . . , F; of Hn{X, Z) such that 




for a — I, . . . ,1, where (f>{q) is defined as above and ^^^(g) is a holomorphic volume 
form on X. 

Conjecture [TTT] not only provides an enumerative meaning to the inverse mirror 
map, but also explains the integrality of the coefficients of its Taylor series expan- 
sions which has been observed earlier (see e.g. Zhou [13] )■ This also shows that one 
can write down, using generating functions of disk open Gromov-Witten invariants, 
slab functions which satisfy the normalization condition, a condition necessary to 
run the Gross-Siebert program (see (Qj Remark 5.1]). In [2, Section 5.3], evidences 
of Conjecture 11.11 have been given for the following toric Calabi-Yau manifolds: 
Kpi,Opi{—l) © Cpi (— 1), ifp2, and Kpixpi. 

The purpose of this paper is to prove Conjecture 11.11 for toric Calabi-Yau man- 
ifolds of the form X — Ky where F is a toric Fano manifold. See Theorem 14.11 
for the precise statement. Our proof, which uses the formula in [1] and the toric 
mirror theorem [Hllll], can be outlined as follows. First, by the main result of [T], 
open Gromov-Witten invariants of X = Ky involved in Conjecture 11.11 are equal 
to certain closed Gromov-Witten invariants of the semi-Fano toric manifold 

Z ■.= ¥{Ky ®Oy). 

Much is known about genus closed Gromov-Witten invariants of semi-Fano toric 
manifolds. One observes that the closed Gromov-Witten invariants needed here 
occur as coefficients in the J-function Jz of Z. The toric mirror theorem of Givental 
[8] and Lian-Liu-Yau [T^ applied to Z shows that Jz is equal to the combinatorially 
explicitly defined /-function Iz, up to a toric mirror map. An analysis of Jz using 
the toric mirror theorem shows that the generating function of open Gromov-Witten 
invariants we need coincides with the inverse of the toric mirror map. It is known 
that the toric mirror maps of Z satisfy the GKZ system attached to Z. The mirror 
map of X defined by the periods are known to satisfy the GKZ system attached 
to X. A comparison between the GKZ systems attached to X and Z then implies 
Coniecture ll.il 

The rest of this paper is organized as follows. In Section [5] we recall the com- 
putation of open Gromov-Witten invariants for X = Ky in [1] , and carry out the 
comparison between open Gromov-Witten invariants and toric mirror maps. In 
Section [3] we study the relations between the GKZ systems attached to X and Z. 
The main result of this paper, Theorem 14.11 is proved in Section SI 
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2. Computing open Gromov-Witten invariants via J-functions 

In this section, we will establish a formula relating the generating function 5Q{q) 
of disk open Gromov-Witten invariants of X and the toric mirror map for the 
pi-bundle Z := V{Ky © Oy) over Y, see Proposition 

2.1. Open Gromov-Witten invariants of Ky- In this subsection we recall the 
formula for open Gromov-Witten invariants of Ky , proved in pi . To begin with, 
let us recall the definition of the open Gromov-Witten invariants n^.^a following 
Fukaya-Oh-Ohta-Ono 

Let X be a toric manifold of complex dimension n, equipped with a toric Kahler 
structure w. Let 

LC X 

be a Lagrangian torus fiber of the moment map associated to {X,uj). Let /3 e 
TT2{X,L) be a relative homotopy class with Maslov index fi{(3) = 2. Consider 
the moduli space A4i(L,/3) of holomorphic disks in X with boundaries lying in L 
and one boundary marked point representing the class /?. A compactification of 

Mi{L,l3) cMi{L,l3) 

is given by the moduli space A^i(L,/3) of stable maps from genus bordered Rie- 
mann surfaces (I],9E) to {X,L) with one boundary marked point and class /?. 

It is shown in [6l[7] that A4i(L,/3) is a Kuranishi space of virtual dimension n. 
Let [Mi{L, 13)]™ be its virtual fundamental cycle. This is an n-cycle instead of 
a chain because /? is of minimal Maslox index and consequently dAii{L, (3) = 0. 
The pushforward of this cycle by the evaluation map ev : A4i{L,f3) L at the 
boundary marked point defines the open Gromov- Witten invariant 

up := e^;*([ATi(L,/3)]™-) € i/„(i,Q) = Q. 

In [7], it is shown that Ufj is independent of the choice of perturbations and hence 
is an invariant of (X, L, uj). 

Remark 2.1. Since the moment map of X does not contain singular fibers, there 
is no wall- crossing. Hence, the invariants remain unchanged when we change 
the Lagrangian torus fiber L. 

Let Dq, Di, . . . , Dm.~i C X be the toric prime divisors (i.e. irreducible torus- 
invariant hypersurfaces) corresponding to the primitive generators vo,vi, . . . , v„i-i 
of the fan defining X respectively. There exists an additive basis 

/3o, /?!,..., (3m-l 

of Tr2{X, L) = Z" such that ■ Dj = Sij. 

Suppose that X is semi-Fano, i.e. —Kx is nef. It follows from the results of 
Cho-Oh [3] and Fukaya-Oh-Ohta-Ono [7 that Q only when f3 = /3i + a for 

some i and some a G Z) with ci{a) = 0. 

In what follows we shall focus on the case when X = is the total space of 
the canonical line bundle Ky over a toric Fano manifold Y. Such an X is Calabi- 
Yau, i.e. Kx = Ox ■ By our convention, the primitive generators of the fan E are 
chosen to be of the form Vi — {wt, 1) for i = 0, 1, . . . , m — 1 and so that wq = 0. 
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Without loss of generality, we also require that wi, . . . , Wm-i G N' := Z"^^ form 
the primitive generators of the fan in N-^ = R"^^ defining Y. The toric prime 
divisor Dq C X then corresponds exactly to the zero section Y ^ Ky- 

Since Dq is the only compact toric prime divisor in X, the invariant n/3 is non- 
zero only when either /3 = /3i for some 1 <i<m — 1ot/3 — /3Q + a for some 
a e H2{Y,Z) C H2iX,Z). By the work of Cho-Oh [3 , we already know that 
n^. — 1 for any i. Invariants npg+a are computed by the following formula in Chan 

m- 

Theorem 2.1 (Theorem 1.1 in [J). Consider the F^-bundle Z F{Ky®Oy) Y 
over Y. Let h £ H2{Z,1) he the fiber class and [pt] £ _ff^"(Z, C) the Poincare 
dual of a point. Denote by {[pt])Q i f^^^ the 1-point genus closed Gromov- Witten 
invariant of Z with insertion the point class [pt] . Then we have the formula 

npa+a = {[vt])Q,,l.,h+a- 

between open and closed Gromov-Witten invariants. 

2.2. Computation via J-function. By Theorem 12.11 to understand the open 
Gromov-Witten invariants appearing in Coniecture 11.11 for X — Ky, it suffices to 
compute the closed Gromov-Witten invariants 

(2.1) m)ixh+o.- 

In this subsection, we explain how to do this using the (small) J-function and the 
toric mirror theorem [H [12] . 

By definition, the small J-functioi^ Jz of a toric manifold Z is given by 

\ a de//f(Z,Z)\{0} / 

where t G H^{Z), q is the Novikov variable, {(j)a} C H*{Z) is a homogeneous 
additive basis, and {(j)"} is its dual basis (with respect to the Poincare pairing). 
Expanding ()2.2|) into a series in 1/z yields 

\ a deH^"{Z,Z)\{Q} fc>0 / 

= -*^^fi + E E '^''^E(^"V/-)?a,.$)- 

\ a deH5«(Z,Z)\{0} fe>i / 

where in the second equality we use the string equation. 

Observe that (|2.ip occur as coefficients of the 1 / z-term of Jz that takes values in 
H'^{Z). Indeed, since ()2.ip has no descendant insertions, we look at the terms in the 
above expansion with k = 1. Furthermore, to get (|2.ip we need <j>a — [pt] G H'^"'{Z) 
and thus (j>" = 1G H^\Z). 

We need to extract (|2.ip from Jz . To do this we use the explicit formula for Jz 
given by toric mirror theorem. Recall that the I -functioi^ Iz of a toric manifold 



^We discard the term with values in H^{Z,C) from the prefactor, as it plays no role in our 
discussion. 

■^Again we discard the term with values in H^(Z, C) from the prefactor. 
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Z is given by 

(2.3) Iz{y,z) = ze' y \{ ^D... (D +mzY 

Here the product should be expanded into a 1/z-series by writing Di + mz = 
mz{l + Di/mz). Iz is a _ff*(Z)-valued formal function in variables y and z. The 
toric mirror theorem [SI [T^] applied to the semi-Fano toric manifold Z shows that 
Iz coincides with Jz after a change of variables y — y{q)- For a suitable choice of 
basis of cycles, this change of variables y = y{q) is the inverse of the toric mirror 
map for Z. In view of this, to extract (|2.1|) we will look for the part of the 1/z^-term 
of -Iz that takes values in Il'^{Z). 
Consider the expansion of the factor 

.24. nl=-oo(A+mz) 

n™':loo(A+mz) 

into a 1/z-series, achieved by writing Di + mz = mz{l + Di/mz). Since we want 
terms with values in Il'^{Z), we cannot have Di involved. There are three possibil- 
ities: 

(1) Di ■ d > 0: the only term in the expansion of (|2.4p that doesn't contain Di 
is the leading term jjfr^z^^^'''-. 

(2) Di - d = 0: ([^ is just 1 in this case. 

(3) Di ■ d < 0: in this case (|2.4p is proportional to Di, because of the factor 
corresponding to m = 0. 

Thus for the terms we need, only cases (1) and (2) can occur. Note that —Kz = 
^i Di. Therefore, in the sum 

the part of the 1/z^-tcrm that takes values in Il'^{Z) is 



^ yZ 

n.(A-rf)! 



where the sum is over all d € i/|*^(Z, Z) \ {0} such that ~Kz ■ d — 2 and Di ■ d > 
for all i. Certainly the term in jlz with d — does not contribute. An easy 
calculation shows that the prefactor e*/^ does not contribute, and the part of the 
1/z^-term of -Iz that takes values in II^{Z) is indeed (|2.5p . 
Let 

A := {d e Hf{Z, Z) \ {Q}\D, ■d^2 for one i, D, ■ d ^ for all other i}, 

and 

B ■.= {de Hf{Z, Z) \ {0}|A -d^l for two i, Di ■ d ^ for all other i}. 
Then (|2.5p is rewritten as 

(2-6) lT.y' + T.y'- 

deA deB 
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Lemma 2.1. For Z = F{Ky © Oy), we have A = $ and B = {h}, where h G 
H2{Z, Z) is the fiber class of the -bundle Z Y . 

Proof. First of all, H2{Z,Z) = 'L-h®H2{Y,Z), and ci{d) ^ 2 implies that d = h + a 
for some a G H2{Y,Z). Note that ci{a) = 0. 

We choose the primitive generators of the 1-cones of the fan defining Z to be 

Vo = (0,1), «i = = {Wra-lA),V„, = (0,-1) G /""^ xZ = N. 

By [U Lemma 3.1] and its proof, we know that h corresponds to the primitive 
relation vq + Vm = (where Vm '■— —vq = (0,-1) G N is the primitive generator 
which corresponds to the infinity section Y ^ Z), and a G -ff 2 {Y, Z) corresponds 
to a primitive relation of the form 

Wii + • . • + % - niVj^ - ... - UqVj^ ~{p-ni- ... - nq)vo = 0, 

for some < ii, . . . , ip < m, ni, . . . , rig > 0. Hence, we must have Dm ■ /3 = 1. This 
shows that A — 9. 

Let f3 = h + a e B. Suppose that a 7^ 0. Then •/? = 1 - (p-rii - . . .-Uq) < 0, 
but we also have Dq ■ f3 > 0. Hence p = I + ni + . . . + Ug. Moreover, Di ■ (3 > ioT 
i — 1, ... ,m — 1, so we have ni = . . . — Uq — 1 whenever q > and {ji, . . . , jq} C 
{«!,..., ip}. But then p = q + I and the primitive relation becomes Vi — vq — 0. 
This is absurd. Hence a must be 0, and B = {h}. □ 

We can now deduce our main formula for open Gromov-Witten invariants of 
X = Ky: 

Proposition 2.1. We have the following formula: 
(2.7) y\q)^q\l + 5o{q)). 

where y — y{q) is the inverse toric mirror map for the toric manifold Z = ¥{Ky ® 
Oy) and 

a£Hf(y,Z) 

is the generating function for open Gromov- Witten invariants of X ^ Ky . 

Proof. By Lemma [2.H the expression (|2.5p for Z — F{Ky © Oy) is simply given 
by y^. Let y — y{q) be the inverse toric mirror map for Z. By the toric mirror 
theorem for semi-Fano toric manifolds [H [T^] , we have 

Iz{y{q),z) = Jz{q,z). 

By comparing the parts of the 1/z-term that takes values in H'^{Z), it follows from 
the discussion preceding Lemma 12.11 that 

d6_f/5«(Z,Z)\{0} 

By dimension reasons, the invariant {[pt])^ ^ ^ is nonzero only when ci{d) = 2. And 
for d G Hf{Z,Z), ci{d) = 2 if and only ii d = h + a for some a G Hf{Y,Z). 
Hence, we have 

yHq)=q'^ E (M)o^U.+a9"- 

Note that _ff2^(X, Z) = H2^{Y,Z). The proposition now follows from Theorem 
I2T1 □ 
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3. Mirror maps and GKZ systems 

In this section, we examine the relation between the mirror maps for X = Ky 
and Z = P{Ky ffi Oy) by looking at their associated GKZ systems. The key 
observation is that the mirror maps for X and Z are both determined by one and 
the same function. 

We start with the toric Calabi-Yau X = Ky . We choose a basis 71 , . . . , 7/ 
of H2{X,'E) = H2{Y,Z) consisting of effective classes. Each corresponds to a 
primitive relation 

m — 1 
i=0 

for some := (Qg, Qf,..., E Z'" such that 

QS = -ci(r).7, = -EQ^<0 

i=l 

since Y is Fano. 

Now let ui, . . . ,yi be variables corresponding to 71 , . . . , 7/ respectively (more 
precisely, they should be viewed as the coordinates on the complex moduli space 
A^c(^) of the mirror). For i = 0, 1, . . . , m — 1, define 

/ 

a=l 

where 9a — Uad/dya- For a = 1, . . . , Z, set 

n ri(0»-M-ya n n (©^-m- 

i:Q1>Q fc=0 i:Qf<0 k=0 

Then the GKZ system (or Picard-Fuchs) associated to X = Ky is the system of 
partial differential equations (see e.g. Iritani [TT] ) 

(3.1) □a$ = 0, a= 

It is known that the periods /p Cly (as functions of ?; = (yi, . . . , yi)) satisfy the 
GKZ system p.l[) . Conversely, any basis of solutions of p.ip which are linear in 
logarithms can be expressed as periods /p Cly, a = 1, ... ,1 for some basis Fi, . . . , F/ 
of HniXjZ). In other words, the GKZ system p.ip completely characterizes the 
mirror map for X. See e.g. Hosono [lOj . 

Lemma 3.1. For a,b ~ 1, . . . ,1, we have 

n 9) n Hop-,, ^ - / (-^^'^''i^Qo - l)!Qo2/a tfQf>0 for all z ^ 0, 
(6.Z) U„(logybj-|Q otherwise, 

Proof. By straightforward calculations, we have 

Qf-l 

n (©. - kz){\ogy,) = {-zfHQt m-Ql) 

if Q1 > and 

-Qt-i 

n (©. - kz)(\ogy,) = {-zT^H-Q'i - m-Q\) 

k=0 
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if < 0. It follows that if Qf is of the same sign for two or more I's, then 
□Q(log?/fc) = 0. However, when Y is Fano, we have — • 7a < for all a 

(see e.g. the proof of li Lemma 3.1]). The result follows. □ 

Lemma 3.2. Any basis of solutions for the GKZ system iS.l]) which are linear in 
logarithms is of the form 

(3.3) ^a{y) = - logya + Ogi?(y), a^l,...,l 

for some function H{y) = H{yi, . . . ,yi). 

Proof. Since for any b, we can write the solutions as 

My) = -logyb + Q^Hbiy), 

for b = 1, . . . ,1. Then by the formula (|3.2p . we have 

□^^^ ^ f -(-^)-^«(-Q8 - ly-Q'oVa + Ql^aHb if > for all i ^ 0, 
\ Q^HaHh otherwise. 

This implies that 

(-z)-«o"(-Qg - i)\y^ if > for ah I ^ 0, 
otherwise. 



□ai^b = 



Notice that the RHS is independent of b. Therefore, Hb{y) is in fact independent 
of b and they are all equal to the same function H{y). □ 

Proposition 3.1. The mirror map for X — Ky can be written as 

(3.4) qa^yaGiyy^o, a^l,...,l, 

for some function G{y) — G{yi, . . . ,yi). Let ya{q) — ya{qi, . ■ ■ ,qi) be the inverse 
mirror map for X . Define 

C{q) ■.^G{yiiq),...,yiiq)). 
Then the inverse mirror map for X is written as 

(3.5) y^^q^Giq)Q\ a = l,...,l, 

Proof. By the fact that the periods /p Cly satisfy the GKZ system p.ip and in 
view of p.3p in Lemma 13.21 we conclude that the mirror map for X is of the form 
(1331) if we set G(y) = exp H{y). □ 



Next, we consider the P^-bundle Z = F{Ky © Oy) over Y. We choose the 
primitive generators of the 1-cones of the fan A defining Z to be given by 

vo = (0,1), «i = {wul),---,vm-i = (w™-i,l),f™ = (0,-1) G Z"-i xZ^N. 

The Picard number of Z is / + 1 = m + 1 - n and i/2(2', Z) = Z • /i © H2{Y, Z), 
where h is the fiber class. Hence, a basis of H2{Z, Z) is given by 71, . . . , 7;, ft., where 
71, . . . , 7i is the basis of H2{X, Z) = H2{Y, Z) we have chosen previously. Note that 
h corresponds to the primitive relation Vq + w-m = 0. We set 

g'+i = (1,0,..., 0,1) e Z™+i and 
Q" = (QS,O?,-.-,Q™-i,0)eZ"+i fora = l,...,;. 
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Let yi , . . . , y; , y'' be variables corresponding to 71 , . . . , 7; , /i respectively (again, 
they should be viewed as the coordinates on the complex moduli space of the mirror 
of Z, which in this case is given by a Landau-Ginzburg model). For i = 0, define 

I 

where 6''* — y^d/dy^ . For i — 1, . . . ,m — 1, define 

a=l 

For i — m, define 

Now, for a = 1, . . . , set 

°» = n n -kz)-ya II n - ^^)- 

i:Qf>0 k=0 i:Qf<0 k=a 

Also set 

Then the GKZ system associated to Z is the following system of PDEs (see e.g. 
Iritani ^11]) 

I = 0. 



(3.6) 



By the toric mirror theorem, the toric mirror map for Z = V{Ky ® Oy) satisfy 
the GKZ system p.6p and is completely characterized by this property. 

Lemma 3.3. Suppose that $(y, y'') = A{y) + B{y'^). Then 

^ r (-z)-QS(-Qg - ly.yaO^B ifQ'i>Q for all i ^ 0, 

^3 7") " 1^ otherwise. 

= (6l'')2s. 

Proof. By straightforward calculations. □ 

Lemma 3.4. Given a basis of solutions linear in logarithms for US. 1\) of the form 
iS. 3\) . Then a basis of solutions for the GKZ system i3.6\) which are linear in 
logarithms is given by 

( ^aiy, y^) = - logya + Qoi?(y), a - 1, . . . , 

\$''(y,y'')--logy'^ + i/(y). 

Moreover, any basis of solutions for h3.0fl which are linear in logarithms can be 
obtained in this way. 

Proof. By Lemma [3.21 and p.7p . we know that ^a{y,y^) satisfies the GKZ system 
p.6p . Hence, we only need to check that $''(y,y'*) also satisfies the same system, 
namely, 

r □a$''=0, a-f,...,/, 
1 =0. 
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By ()3.7|) . we need to show that 

a H^l (-^y'^^i-Qo - l)!2/a if Qf > for all i ^ 0, 
" [0 otherwise, 

since 6'''(— logy'*) = — 1. But this follows from the proof of Lemma [321 D 

Proposition 3.2. The toric mirror map for Z = P(ify ® Oy) can be written as 

\ qa =yaGiyy^'', a=l,...,l, 



(3.9) 



q 



h 



and the inverse mirror map for Z is given by 

i ya = qaC{q)^°, a^l,...,l, 
l/-9'C(g). 

where G{y) and C{q) are the same functions as in Proposition lS. li 

Proof. Using the fact that (after taking logarithm) the components of the toric 
mirror map satisfies the GKZ system p.6p . the proposition follows from p.Sp in 
Lemma [3^ and its proof. □ 



4. Main result 
We can now prove om" main result: 

Theorem 4.1. Let X be a toric Calabi-Yau manifold of the form Ky where Y is 
a toric Fano manifold. Let 

^■.Mk{X) ^ Mc{X), 
q= {qi,...,qi) i-^ (f){q) = {yi{q), . . . ,yi{q)), 

be the map from the Kdhler moduli space of X to the complex moduli space of the 
mirror X defined by 

m — 1 

ya{q)=qa Y[{l + S.,{q)fK a = l,...,/, 

i=Q 

where 

1 + S,{q)^ X! "ft+a'?" 

aeHf\x,Z) 

is the generating function of disk open Gromov-Witten invariants n^.+Q. 

Then (j) is the inverse mirror map, i.e. there exists a basis Fi, . . . , F; of Hn{X , Z) 
such that 



qa = exp J n^(^y) 
for a = 1, . . . , Z, where (j){q) is defined as above. 

Proof. By our discussion in Section [21 we have Si{q) = for l<z<m — 1. So the 
map (p is given by 

ya{q)^qaa + Soiq)fo, 
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By Proposition 13.21 there exists a function C{q) ~ C{qi,...,qi) such that the 
inverse toric mirror map for Z = P{Ky ® Oy) is given by p.lOp : 

/ = q^Ciq). 

By Proposition 12. 1[ we know that C{q) = 1 + So{q). 

Now, Proposition 13. II (and its proof) show that the inverse mirror map for X is 
given by p.5p : 

ya = qaC{q)^o, a = l,...,L 
This completes the proof of Theorem 14.11 □ 

Remark 4.1. We sketch an alternative approach to Theorem \4. 1\ First note that 
a toric mirror theorem can be established for the non-compact toric Calabi- Yau 
manifold Ky ■ In this non-compact setting, closed Gromov-Witten invariants of 
Ky are defined by virtual localization formula. Such a definition coincides with 
Gromov- Witten invariants of Y twisted by the line bundle Ky and the inverse 
equivariant Euler class, in the sense o/ [5] . A mirror theorem for Ky can then be 
proved in a number of ways, e.g. by using the main theorem of [4 or by following 
the arguments in [8\. 

Provosition \2. 1\ relates the generating function of open Gromov-Witten invariants 
of Ky to the inverse toric mirror map forP(Ky(BOy). One can then try to deduce 
Theorem \4-.l\ by comparing the inverse mirror map for Ky, as given in the mirror 
theorem, with the inverse toric mirror map for V{Ky © Oy) and use the fact that 
the inverse mirror map for Ky satisfies the GKZ system attached to Ky . 
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